
Maximum Likelihood Approach for Tracking
Multiple Mobile Agents with A Moving Doppler

Radar System
Sanvidha C. K. Herath, Pubudu N. Pathirana

Networked Sensing and Control Laboratory, School of Engineering, Deakin University
Pigdons Road, Geelong, Victoria 3217, Australia

sckh@deakin.edu.au
pubudu@deakin.edu.au

Abstract—Tracking mobile agents with a Doppler radar system
mounted on a moving vehicle is considered in this paper. Dopplers
modulated from mobile agents on the single frequency continuous
wave signals are analyzed in order to estimate the positions and
velocities of multiple mobile agents. The measurement noise is
assumed to be Gaussian and the maximum likelihood estimation
is utilized to enhance the localization accuracy.

I. INTRODUCTION

Tracking multiple moving agents can have many poten-
tial applications in situations such as, security surveillance,
disaster search, rescue missions and urban warfare [1]–[13].
In the automobile industry, this technology can be used in
a driver alerting systems to provide the driver with helpful
information about the surrounding of the vehicle. Improved
safety functions are now introduced to vehicles to assist the
driver and to reduce the risk of accidents. Key points of
improved operations are effectiveness and the information
content in the perception of the surroundings.

Radar technology is emerging as a strong candidate in the
context of sensing the surroundings in automobile applications
[14]–[16]. The use of ultra-wideband radar for short range
vehicular applications is discussed in [15]. In [16], fusing the
vision data with radar information to enhance the detection
accuracy has been studied. The approach in [14] introduces a
novel Doppler sensor architecture for vehicular applications.

Continuous Wave (CW) radar systems compared to other
types of radar techniques available today are the simplest
to implement [17]. Single frequency CW radar can measure
Doppler frequency shifts with a high degree of accuracy.
However, this method is not generally used in range mea-
surements. In order to measure the range, more sophisticated
systems derived from CW radar are currently being used.
These systems are costly, not user friendly and require com-
plex hardware to implement. CW radar has superior clutter
suppression capabilities and therefore, it can be used to detect
moving agents in strong clutter [1]. Frequency Modulated CW
(FMCW) radar and pulsed Doppler radar both evolved from
the CW radar technique. They are capable of detecting range
albeit prone to clutter requiring clutter mitigation algorithms.

CW single frequency radar consisting of two antenna ele-
ments to find the direction of arrival (DOA) has been explored

in [1]. In this system the DOA of a mover is measured using
the phase difference of reflected waves arriving at the receiving
antennas. Doppler separations of the moving agents should be
adequately high for this system to track multiple agents ac-
curately. Furthermore, range or velocity measurements cannot
be obtained for agents using this system.

In [2], localization is carried out by two-frequency Doppler
and DOA radar systems. However, this method is not capable
of finding the velocities of agents. Also in [3], [18] and
[17], only the location information of the agents could be
obtained. Another approach is explored in [19] and [20], but
the performance degrades rapidly as the number of moving
agents increases.

For the above systems discussed, only the location informa-
tion of agents can be derived and the time derivative of the
displacement is used to find the velocities of the agents. If
the agents change their velocities rapidly, these systems fail
to map the exact dynamic behavior of the mobile agents.

In [21], two receiving elements are kept half a wave length
apart and the other two receiving elements are also placed
with the same distance apart. These two sets are placed apart
from each other, in line, facing the mobile agents. The bearing
of an agent with respect to a particular set of elements can
be found by measuring the phase difference of the reflected
waves. Similarly, the agent’s bearing with respect to the other
two set of receiving elements can be found in the same manner.
Using these parameters, the agent’s location can be tracked.
The agent’s velocity can be derived by the Doppler shifts
formed by the agent in the direction of sensors. In many cases,
multiple mobile agents give rise to different Doppler shifts.
By processing data via Doppler discrimination, positions of
different agents can be found by measuring phase differences
at each Doppler frequency bin. This method can be utilized
in vehicular applications to sense its surroundings with the
knowledge of the vehicle dynamics.

Goal of this paper is to provide a method to track multiple
mobile agents from an array of Doppler senors mounted
on a moving vehicle. This paper has been organized in
the following way. First section describes the basic theory
relevant to Doppler radar and the second section introduces the
theory in vehicle dynamics. Utilizing the maximum likelihood



estimation for localization is discussed in the third section and
finally the simulation results are provided.

II. BASIC THEORY FOR DOPPLER BASED LOCALIZATION

Consider two nearby scattered waves returning from a
mobile agent as shown in Fig.1. These two waves can be
cosidered as parallel when the distance to the mobile agent
is cosiderably higher than the distance between the sensors.
Two antenna elements, Rx1 and Rx2 receive these two signals
with a path difference of y ′, due to the relative position of the
agent.
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Fig. 1. DOA using two receiving elements

y′ = d sin θ′, (1)

where, d is the distance between the two antenna elements
Rx1 and Rx2 , and θ′ is the Direction of Arrival (DOA) of
the mobile agent. The phase difference of the two waves Δψ,
can be written as,

Δψ =
2πy′

λc
, (2)

where, λc is the wave length of the carrier frequency. Then
from (1) and (2), the DOA can be expressed as,

θ′ = arcsin

(
Δψλc
2πd

)
. (3)

Consider a mobile agent T , at coordinates (x,y) with
velocity towards x-direction and y-direction to be ux and uy
respectively (Fig.2). Here,
A(p, 0) = Two antenna elements at coordinates (p, 0),
B(q, 0) = Two antenna elements at coordinates (q, 0),
vA = Radial velocity of agent, towards (p, 0) measured by

Doppler,
vB = Radial velocity of agent, towards (q, 0) measured by

Doppler,
θA = Bearing of agent with respect to A,
θB = Bearing of agent with respect to B.
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Fig. 2. Sensor Target Locations and Measurements

Using trigonometry it can be derived that,the state of the
agent is,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

x

y

ux

uy

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

q sin θB cos θA−p sin θA cos θB
sin(θB−θA)

(q−p) sin θA sin θB
sin(θB−θA)

vB sin θA−vA sin θB
sin(θB−θA)

vA cos θB−vB cos θA
sin(θB−θA)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4)

This holds for only one moving agent. In the case of
multiple mobile agents, a data association problem occurs [22].

Doppler discrimination of the mobile agents can be used to
obtain the DOA of several mobile agents. Consider the case in
Fig.3 where, two mobile agents scatter waves on four antenna
elements. x1(t) and x2(t) are the receiving signals on antenna
elements Rx1 and Rx2 after the demodulation. They can be
expressed as,

x1(t) = k1 sin(2πfd1t+ φ1) + k2 sin(2πfd2t+ φ2) (5)

and,

x2(t) = k1 sin(2πfd1t+ φ3) + k2 sin(2πfd2t+ φ4). (6)

In (5) and (6), k1 and k2 are the amplitudes of the incoming
waves and here we assumed that they are constant for both
waves, due to a very small path difference; fd1 and fd2 are
the Doppler frequencies modulated by the two mobile agents;
φ1,φ2,φ3 and φ4 are the corresponding phases at the receiving
antennas.

These two signals are processed individually using Fast
Fourier Transform (FFT). The frequency bins are found and
the corresponding phases of each frequency bin are obtained.
Phase difference of a particular frequency bin Δψ i, can be
obtained by,

Δψi = φ1 − φ3. (7)
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Fig. 3. DOA using four receiving elements for multiple mobile agents

From this method, the DOA of multiple agents can be
resolved, as long as they have considerable Doppler separation
(eg; if the integration time is 0.25s then the minimum resolv-
able Doppler separation is 4 Hz) [1]. DOA of any agent i, can
be expressed as,

θ′i = arcsin

(
Δψiλc
2πd

)
. (8)

After discriminating Doppler shifts of each mobile agent,
their velocities and positions can be obtained using (4).

The above system is capable of estimating multiple agents
position and velocity information, as long as their radial
velocities towards any sensor are not very close to each other.

Let’s consider two agents having the same radial velocity
towards a sensor and for simplicity, assume that they are
positioned at the same distance away from the sensor at a
particular instance. Then, (5) can be rewritten as,

x1(t) = k sin(2πfdt+ φ1) + k sin(2πfdt+ φ2)

= 2k sin

[
2πfdt+

(
φ1 + φ2

2

)]
cos

(
φ1 − φ2

2

)
= K sin(2πfdt+ φ) (9)

where,

K = 2k cos

(
φ1 − φ2

2

)

and,

φ =

(
φ1 + φ2

2

)
.

The antenna elements sense the two signals with the same
frequency as a single signal with the same frequency but
different phase. Hence, resolving the DOA for the agents is
impossible. The number of sensors should be increased to find
the required information of the agents as the number of agents
increases [21].

III. VEHICLE DYNAMICS

Knowledge in the vehicle dynamics should be integrated in
estimating relative positions and the velocities of the targets.

Lets consider the variation of the velocities in front of
the vehicle when it is making a turn on a radius R [23].
Considering the Fig.4, when the speed at the position P is
U ′ and the angle it makes with a line drawn along the vehicle
is θu′ , the velocity vector at that particular point is,
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Fig. 4. Steering Dynamics

⎡
⎣ u′x

u′y

⎤
⎦ =

⎡
⎣ −U ′ sin θu′

U ′ cos θu′

⎤
⎦ . (10)

where,

U ′ =
V ′RU

R
,

θu′ = arctan

(
b

Rr + x′

)
,

δ = arctan

(
2

cot δo + cot δi

)
,

R =

√
a′2 + (l cot δ)2,

Rr =
l

tan δi

and,

Ru =
√
(Rr + x′)2 + b2.

Consider the Fig.5. The notation carries the same mean-
ing as for the Fig.2. u′

xA, u
′
xB and u′xG are the veloctiy

components of the points A,B and G along x direction
respectively. u′

yA, u
′
yB and u′yG are the veloctiy components

of the points A,B and G along y direction respectively. The
signal generator is at G(g, 0) and θG is the bearing of agent
with respect to G. Then the equation(4) can be rewritten for
this dynamic case as,
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Fig. 5. Tracking a Target when the Sensors are Mounted on a Moving Vehicle
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⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

q sin θB cos θA−p sin θA cos θB
sin(θB−θA)

(q−p) sin θA sin θB
sin(θB−θA)

v′B sin θA−v′A sin θB
sin(θB−θA)

v′A cos θB−v′B cos θA
sin(θB−θA)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (11)

where,

v′A = vA−(u′xA cos θA+u
′
yA sin θA+u

′
xG cos θG+u

′
yG sin θG)

and

v′B = vB−(u′xB cos θB+u
′
yB sin θB+u

′
xG cos θG+u

′
yG sin θG).

IV. MAXIMUM LIKELIHOOD FOR BEARING ONLY

LOCATION ESTIMATION

The measurement errors for the sensors are assumed to be
mutually independent and Gaussian distributed with zero mean
and the same variance.
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Fig. 6. Sensor Target Locations and Measurements

Bearing only location problem for R
2 can be formulated

as follows. Let x = (xt, yt)
T be the target coordinates

vector to be estimated from bearing measurements θ =
(θ1, θ2, ...., θN )T , where (.)T denotes vector or matrix transpo-
sition. The target bearings are measured from fixed N number
of sensors at known locations or from sensors fixed to a
moving platform where the trajectory of the platform is known.
The sensor coordinates are denoted by xs = (xs, ys), which
associate with the measurement θs,(s ∈ 1, . . . , N). The prob-
lem geometry is depicted in Fig.5. The angle measurements
consist of the true bearings θ, corrupted by additive noise δθ =
(δθ1, δθ2, ...., δθN )T , which is assumed to be zero mean Gaus-
sian with N covariance matrix S = diag(σ2

1 , σ
2
2 , ...., σ

2
N ).

Thus the problem is described by the nonlinear equation,

θ = g(xt) + δθ. (12)

where,
g(xt) = (g1(xt), ......, gN (xt))

T

and
gn(xt) = arctan(Δyn/Δxn),

Δxn = xt − xs,

Δxn = yt − ys, n = 1, 2, ...., N.

The Cramer-Rao Lower Bound on the covariance of any
unbiased estimator for the problem at hand is given by

C = (gTx S
−1gx)

−1. (13)

The derivative, gx = ∂g/∂x evaluated at the true target
position, is given by

gx =

( −Δy1

r21

−Δy2

r22
..

−Δyk

r2k
..

−ΔyN

r2N
Δx1

r21

Δx2

r22
.. −Δxk

r2k
.. ΔxN

r2N

)T

.

where,

r2k = Δ2
xk +Δ2

yk; k = 1, ..., N.

N is the number of sensor positions.
The Maximum Likelihood estimator is attractive due to its

properties guaranteed by a well known theorem of estimation
theory. The theorem states that under mild regularity condi-
tions, the ML estimator is unbiased and its covariance achieves
the CRLB, provided that the number of measurements is large
enough. If the measurement noise is Gaussian with zero mean,
as assumed previously, the ML estimator of the target position
x, is given by

x̂ML = argmin |FML(x, θ)| . (14)

where, the cost function, FML(X, θ) has the form



FML(x, θ) =
1

2
(g(x) − θ)TS−1(g(x) − θ)

=
1

2
fTS−1f =

1

2

N∑
n=1

f2
n

σ2
n

. (15)

where,

ḡ = (ḡ1, ....., ḡN )T = g(x)− θ.

Above equation (14) involves a nonlinear least-square min-
imization, which can be performed by the Newton-Gauss
iterations:

x̂i+1 = x̂i + (gTx S
−1gx)

−1gTx S
−1(θ − g(x̂i)), i = 1, 2, ....

(16)
The use of (16) requires an initial estimate, x̂0 , close

enough to the true minimum of the cost function. Such an
initial estimate may be available form prior information, or
can be obtained from a simple (but suboptimal) procedure.
The partial derivatives involved in (16) are evaluated at the
current estimated position, x̂i. In practice, a number of 2-4
iterations are sufficient for convergence.

V. SIMULATION

Simulations are carried out to asses the theoretical results.
Simulation result in Fig.7 shows the tracking of two mobile
agents using three Doppler sensors mounted linearly on the
bumper of a vehicle which are 0.5m apart. Fig.8 depicts the
same dynamic system with four Doppler sensors mounted
linearly. The mean squred error of the two systems are
compared in the Fig.9 and it can be seen that the system with
the four Doppler sensors performs better than the system with
three sensors.
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Fig. 7. MLE for Doppler-Radar Tracking with Three Sensors
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Fig. 8. MLE for Doppler-Radar Tracking with Four sensors
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VI. CONCLUSION

Tracking multiple mobile agents in R
2 with a Doppler

radar system mounted on a moving vehicle has been studied
in this paper. Dopplers modulated from the mobile agents
on the single frequency continuous wave radar are captured
with a linear sensor array and analyzed in order to estimate
the positions and velocities of multiple mobile agents. The
noisy measurements (assumed to be Gaussian) lead to poor
localization, hence, the maximum likelihood estimation (MLE)
is utilized to enhance the localization accuracy. The simulation
results closely agree with the theoretical derivations.

Maximum likelihood estimates can be heavily biased for
small samples and the optimality properties may not ap-
ply.Also, maximum likelihood can be sensitive to the choice
of starting values. In future studies, model based estimators,
such as Extended Kalman Filter (EKF) can be incorporated
for better estimation. The uncertainty of all the parameters
in this system can be taken in to consideration and study
of the effect of the target trajectories with respect to the
sensors on the estimation will be a another interesting research



area. Also, data association problem and the optimal linear
sensor positioning for better perfomance are intersting areas
for further research.
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